Porous metal bearings are widely used in small and micro devices.
Introduction
In a bearing made of a porous material lubricant flow out of the bearing surface. The problem is to solve the Reynolds equation for the pressure in the oil film simultaneously with the Laplace equation for the porous matrix, the link between the two equations is represented by the continuity of the flow, see [8] page 54, [2] page 548 and [3] . In Section 2 of this paper we consider a journal bearing of finite length L with the cross-section of the figure below. Figure 1 . The region between the two concentric circles is the cross-section of the porous matrix Using cylindrical coordinates (ρ, θ, y) and following the usual notations [8] , we define h(θ) = c(1 + ǫ cos(θ)) for the height of the fluid film, (0 < ǫ < 1), µ for the viscosity, U for the velocity of the shaft and Φ for the permeability of the porous matrix. Let Q = {(ρ, θ, y); R 1 < ρ < R 2 , 0 < θ ≤ 2π, 0 < y < L} denote the porous matrix and C 1 = {(ρ, θ, y); ρ = R 1 , 0 < θ ≤ 2π, 0 < y < L} be the interior surface of the matrix and C 2 = {(ρ, θ, y); ρ = R 2 , 0 < θ ≤ 2ψ, 0 < y < L} the exterior part, where the Reynolds equation holds. Let
Define (see [2] , page 549 )
The pressure p(ρ, θ, y) in the lubricating film and in the matrix is determined by the following problem This problem is interesting also from the mathematical point of view for its nonstandard nature. We must satisfy on part of the boundary an elliptic equation of the same order of the operator, (in this case the laplacian) valid in Q. It seems that this kind of problems have not been studied in the vast literature on elliptic equations of the second order.
In real bearings the lubricant film cannot sustain pressure below the atmospheric pressure 1 leading to the phenomenon of rupture in the film and cavitation. Thus the fluid film breaks down in a well-defined region. To take into account of this fact we must add to problem (1.1)-(1.6) the unilateral condition
with equation (1.2) holding only where p > 0. In this paper both problems, with and without the unilateral condition, are considered. Two approaches are possible: the so-called "half-Sommerfeld" condition in which the cavitated solution is simply obtained setting equal to zero the solution of the bilateral problem where it becomes negative, or the more precise point of view in which on the boundary of the region of cavitation the two conditions p = 0 and dp dn = 0 must hold. We show in Section 2 that the solution of problems (1.1)-(1.6) or (1.1)-(1.6) with (1.7) can be obtained from a variational principle. This makes possible to use the Lax-Milgram lemma and the Stampacchia theorem [1] to prove that both problems have one and only one solution.
The special geometry of the long bearing is considered in Section 3, in this case the pressure shall depend only from two variables with the Reynolds equation becoming one-dimensional. Using the Fourier's method the two equations are uncoupled and we can solve separately a two-point problem for the Reynolds equation and a Dirichlet's problem in the porous matrix. The two-point problem is solved in a relevant special case giving a simple expression for the pressure in the film. The effect of the porous matrix reduces to a single numerical parameter. Moreover, if we adopt the half-Sommerfeld condition we find that the pressure in porous bearings is less than the one in the non-porous bearing. A variational inequality relevant in long bearings is studied in Section 4. Finally in Section 5 some open problems concerning the regularity of the solutions and the shape of the region of cavitation are proposed. We note that the shape of the region of cavitation is crucial for the determination of the load capacity of the bearing.
variational formulation
Define the functional
Let us take as class of admissible functions for J(p) the set
Note that if p(ρ, θ, y) ∈ C, p(R 2 , ρ, y) is not prescribed. Letp(ρ, θ, y) ∈ C be a function which makes J(p) a minimum in C and let v(ρ, θ, y) be an arbitrary function of C vanishing on the whole boundary of Q. If α ∈ R 1 we havep + αv ∈ C. Define g 1 (ǫ) = J(p + ǫv). Using the condition for minimality g ′ 1 (0) = 0 we find
Integrating by parts in (2.2) and taking into account that v vanishes on the boundary of Q, we find
Since v(ρ, θ, y) is arbitrary we conclude that
Let us take now a different variation. More precisely let w ∈ C and consider g 2 (λ) = J(p + λw). Recall that w(ρ, θ, y) is arbitrary on C 2 . Computing g ′ 2 (0) = 0 we find again (2.2), but with w in place of v. This time, however, integrating by parts, the boundary term corresponding to C 2 does not vanish and we find, if we take into account (2.4),
Given that w(R 2 , θ, y) is arbitrary we obtain
i.e. (1.2). We use the established variational principle to prove that problem (1.1)-(1.6) has one and only one solution. To this end, we define a new space of admissible functions more mathematically convenient. Let H(Q) be the set of functions v(ρ, θ, y) of class C ∞ (Q) periodic with period 2π with respect to θ which take arbitrary values on C 2 and vanish in a neighbourhood of the remaining part of Q. We define on H the norm
Let H 1 00 (Q) be the completion of H with respect to the norm (2.7). To prove existence and uniqueness of solutions of problem (1.1)-(1.6) we use the Lax-Milgram lemma, see [1] , which, for the sake of completeness, we quote below. 
and a constant α > 0 such that
Then, if f ∈ H ′ , there exists a unique solution of the problem
Moreover, if a(u, v) is symmetric, u is characterised by the minimum property
In our context lemma 2.1 is used as follows:
Recalling the definition (2.7) of the norm in H 1 00 (Q) and using the Cauchy-Schwartz inequality we find that (2.8) is satisfied. Since h(θ) = c(1 + ǫ cos(θ)) ≥ c(1 − ǫ) > 0 also (2.9) holds. In the case at hand, (2.10) is the weak formulation of problem (1.1)-(1.6), thus this problem has one and only one weak solution. If the weak solution is sufficiently regular to permit the integration by parts leading to (2.4) and (2.6) we obtain a classical solution.
In the same vein, i.e. in term of a weak formulation, we can treat the problem with cavitation. To this end use will be made of the following generalisation [7] of the Lax-Milgram lemma. 
Moreover, if a(u, v) is symmetric u is characterised by the minimum property
We apply this theorem with K = v ∈ H 1 00 (Q), v ≥ 0 on C 2 . The space H, the bilinear form a(u, v) and f shall remain as prescribed in (2.12) and (2.13). We conclude that problem (1.1)-(1.6) with (1.7) has a unique weak solution.
3. Reduction of the boundary value problem to a single two-point problem
We treat in this Section the case of the porous long bearing. This leads to a one-dimensional Reynolds equation. Let Q = {(x, y); 0 < x < π, 0 < y < a} represent the porous matrix. We arrive, for the determination of the pressure, to the following boundary value problem: to find p(x, y) such that
where h(x) = 1 + ǫ cos(2x), 0 < ǫ < 1. We have set, to simplify notations 2 k 1 = 1, k 3 = 1 and c = 1 in (3.5). The problem (3.1)-(3.5) refers to the case without cavitation. To take cavitation into account we must add the unilateral condition p(x, a) ≥ 0 with (3.5) holding only where p(x, a) > 0. We will show that the coupled problem (3.1)-(3.5) can be reduced to a two-point problem for the unknown P (x) = p(x, a). We first consider the following auxiliary problem: given P (x) ∈ C 0 ([0, π]) such that P (0) = 0, P (π) = 0, find p(x, y) satisfying the Dirichlet's problem We have 2 Note that these constants can be reintroduced easily with minor notational changes We conclude that the solution of problem (3.1)-(3.5) can be obtained in two steps. First we solve the following integro-differential equation
with the boundary conditions 
After simple calculations we obtain, recalling (3.16)
Thus we can rewrite problem (3.19) , (3.20) as follows: to find P (x) ∈ H 1 0 (0, π) such that
We use the Lax-Milgram lemma to prove that (3.25) has one and only one solution.
Define in H 1 0 (0, π) the bilinear form
Since coth(na) ≤ coth(a) for n ≥ 1, we have, using the Wirtinger's inequality,
. Thus a(P, V ) is bounded , but it is also coercive. In fact, since h(x) 3 ≥ (1 − ǫ) 3 we have
Since π 0 h ′ (x)V (x)dx defines a linear functional on H 1 0 (0, π) we conclude that problem (3.25) has one and only one solution.
If we have the additional condition P (x) ≥ 0, we must search P (x) in the closed and convex set K = P (x) ∈ H 1 0 (0, π), P (x) ≥ 0 . The weak formulation of the unilateral problem becomes
This time we use Theorem 2.2 to solve the variational inequality (3.27) . To obtain the pressure in the matrix we consider, as in the non-unilateral case, the Dirichlet's problem (3.6), (3.9) taking in (3.10) the boundary value P (x) given by the solution of (3.27).
Particularly interesting is the case of the infinitely long bearing of small eccentricity ratio. The two-point problem The problem for the non-porous case corresponding to (3.28), (3.29) is (3.35) − P ′′ 0 (x) = sin(2x), P 0 (0) = 0, P 0 (π) = 0 which has the simple solution
The comparison between (3.34) and (3.36) shows that (3.37) |P 0 (x)| > |P (x)|.
If we assume the "half-Sommerfeld" condition to take into account of cavitation, we have from (3.34)
if π 2 < x ≤ π. From (3.38) we can draw the conclusion that, at least in the present simplified model, the pressure in porous bearings is always less than in the corresponding non-porous bearings and that the pressure increases as the porous matrix increases in size.
Properties of the solution of a certain one-dimensional variational inequality
Let f (x) be a continuous function defined in [0, L] satisfying
We wish to study the variational inequality u(x) ∈ K Integrating by parts we have, recalling (4.5), (4.6) and (4.8), 
conclusion
Consider the problems without cavitation. Using Lemma 2.2 we proved that there is one and only one weak solution of problem (1.1)-(1.6). Can we prove that this weak solution is also a classical solution, in other words that the weak solutions has all the derivatives needed to satisfy the equations (1.1) and (1.2) ? One would expect even more, i.e. that the solution is of class C ∞ . Completely different is the situation for the problem in which cavitation is taken into account. In this case there is certainly a threshold of regularity. Probably one cannot go beyond the C 0,α (Q) regularity as found in a special case in [5] . Another question worthy considering is the shape of the region of cavitation, see [3] . In the variational inequality considered in Section 4 the region of cavitation ("the coincidence set") is an interval. One expect the same to be true also in the porous case. More generally, the region of cavitation is studied in the non porous and two-dimensional case in [4] . It would be interesting to find similar results also in the porous case of Section 2.
